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Abstract

Standard tests for the rank of cointegration of a vector autoregressive process present distributions
that are affected by the presence of deterministic trends. We consider the recent approach of
Demetrescu et al. (2009) who recommend testing a composite null. We assess this methodology in
the presence of trends (linear or broken) whose magnitude is small enough not to be detectable at
conventional significance levels. We model them using local asymptotics and derive the properties
of the test statistics. We show that whether the trend is orthogonal to the cointegrating vector
has a major impact on the distributions but that the test combination approach remains valid.
We apply of the methodology to the study of cointegration properties between global temperatures
and the radiative forcing of human gas emissions. We find new evidence of Granger Causality.
Keywords: Cointegration, Deterministic trend, Likelihood ratio, Local trends, Global Warming.

JEL codes: C12, C32.

*Corresponding e-mail: chevillon@essec.edu; corresponding address: ESSEC Business School, Avenue Bernard
Hirsch, BP 105, 95021 Cergy-Pontoise Cedex, France. I wish to thank Stéphane Grégoir, David Hendry, Bent Nielsen,
and Robert Taylor for their valuable comments on an earlier version of the paper. I am grateful to Robert Kaufmann
and David Stern for sharing their data with me. I also thank two referees, the Associate Editor, participants at the
NBER/NSF Time Series Conference, as well as Nottingham and Brown University seminars. Research Suport from

CREST is gratefully acknowledged.



1 Introduction

There has been a recent renewed interest in designing testing strategies for unit roots that are
robust to the possible presence or a linear trend, see Harvey, Leybourne and Taylor (2008) and the
multivariate extension in Demetrescu, Liitkepohl and Saikkonen (2009). These studies draw on the
long established difficulties in distinguishing in finite samples between stochastic and deterministic
trends, see e.g. Sampson (1991), and Murray and Nelson (2000). In a multivariate context,
the difficulties are compounded by the presence of many nuisance parameters and many analyses
have focused on their influences, see Hubrich, Liitkepohl and Saikkonen (2001) for an overview.
Also, in the joint occurrence of stochastic and deterministic trends, the latter can be restricted
or not to lie within the space spanned by the cointegrating vectors. Perron and Campbell (1993)
distinguish between “stochastic” and “deterministic” cointegration: only for the latter is the trend
orthogonal to the cointegrating vector. In a simulation experiment, Toda (1994) shows that the
Likelihood Ratio (LR) test (see Johansen, 1988, 1991 and 1994) can be strongly affected by nuisance
parameters when a trend is also present. This realization has led H. Liitkepohl and P. Saikkonen to
propose in a series of papers (in 1999 and 2000) a Lagrange Multiplier (LM) test which estimates
the deterministic parameters under the null and proceeds to correct for them. In parallel, S.
Johansen has suggested, also in a series of papers (in 2000 and 2002) a Bartlett correction for the
LR test in finite samples. This correction works well in the presence of deterministic cointegration
when, as in Nielsen and Rahbek (2000), the parameters are restricted so that similarity of the
tests results. As an alternative to the Bartlett correction, Cavaliere, Rahbek and Taylor (2012)
have proposed a method for bootstrapping finite sample distributions of the LR statistics. Yet, it
appears that the issue of how to handle deterministic trends is not entirely settled, although the
simulations in Cavaliere, Taylor and Trenkler (2013) show that some techniques perform better
than others.

In view of the difficulties associated with disentangling stochastic and deterministic trends,
Demetrescu, Liitkepohl and Saikkonen (2009) have proposed extending the work by Harvey, Ley-
bourne and Taylor (2008) to the vector autoregressive (VAR) process. The technique they recom-
mend consists in estimating two models with a deterministic trend that is either—or not—restricted
to lie in the space orthogonal to the cointegrating vector; the test rejects the null if one of the
statistics is significant. These authors show that their ‘combination’ methodology compares advan-
tageously to pretesting for the correct trend specification. In particular, when there is uncertainty
about the presence and position of a deterministic trend, their simulations show that the technique
selects the ‘correct’ cointegration rank most often.

The question we address here concerns the behavior of the combination method when the trend

is hardly noticeable so its absence cannot be rejected at conventional significance levels. We assess



whether the approach recommended by Demetrescu et al. (2009) still holds then. This situation
may occur when the power of the t-test for the null of no linear trend is low, say less than 50%.
Consider for instance a random walk with drift 7 driven by normal innovations with variance o2
and where the estimator of 7 is the mean of the differenced process over a sample of T" observations.
The power of the test for the null that 7 = 0 is about 50% when the noncentrality vI'r /o is equal
to the critical value (close to 2 in general for a 95% two-sided test, see Section 7.1 in the Appendix).
This is for instance the magnitude of the values that Diebold and Senhadji (1996, Table 1) report
for tests of the presence of a drift in the difference of the log U.S. Gross National Product (GNP)
using four distinct measures over 1875-1993.

A convenient way to analyze the impact of “hardly noticeable” trends in this context is to
derive asymptotic distributions where the parameter of the deterministic trend vanishes at the
rate O (T~Y/2), as in the famous Pitman drift, so that both the stochastic and deterministic
trends interact asymptotically. We consider in this paper the robustness to such local trends of
the test for the rank of cointegration and show that very different behaviors result, depending on
whether the data are stochastically or deterministically cointegrated.

Why do we assess the recommendation of Demetrescu et al. (2009) in the presence of local
trends? The rationale behind their choice of test statistics is that they combine (¢) one which is
robust to trends but inefficient in their absence and (i7) another which is inconsistent in the presence
of trends. Hence in the presence of a trend, the latter statistic terminates (by not rejecting the null)
the conventional sequential cointegration rank testing strategy too early. The authors therefore
ensure this does not happen in the overall testing strategy by combining the two tests. The results
of these authors hold in the presence of deterministic trends whose presence is testable, but they
show that their procedure is still preferable to pretesting for the trend. Clearly if pretesting is
not available (e.g. under a local trend) than a fortiori, the test combination approach should be
recommended.

We wish to assess their results as they could require modifying under local trends. Our question

”

here is then twofold: under a local trend, (7) is the “inconsistent” statistic still inconsistent so its
impact on the cointegration rank selection is limited, and (i7) is there a better choice of statistics
to combine? The contribution of this paper is to show that although the distribution of the LR
statistics differ under the alternative when the trend is considered local from when it is not, the
recommendation of Demetrescu et al. (2009) still holds. Indeed, the LR statistics which correspond
to the models with an unrestricted constant (LR, in our notation below) or with a restricted linear
trend (LRZ) achieve, here also, their desirable properties: the former is more efficient under a well
specified model and we show it to be conservative under the local alternative; the latter is robust to

the presence of trends. There does not seem to be test combinations that achieve better properties

than the Demetrescu et al. proposal. We also extend the linear deterministic trend setting to allow
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for a stochastic trend driven in part by Bernoulli innovations with local asymptotic parameter. This
allows us to show that the Demetrescu et al. proposal applies to a larger class of weak trends that
include in particular a form of broken trend.

In order to assess the relevance of the weak trends framework (which we understand as com-
prising local linear trends), we provide an application of our results to the question of the human
origin of global warming. We show that global temperatures and greenhouse gas emissions of
human origin are integrated and we test whether they cointegrate. The presence of a weak trend
constitutes an hypothesis which is difficult to rule out and which has been the subject of a rich and
hotly debated literature. Our results point towards the presence of cointegration without requiring
that we take a stance on the presence and position of a (possibly broken) deterministic trend. In
this context, we test that human emissions Granger cause global temperatures.

The paper is organized as follows. Section 2 present the models for weak trends. We then
derive in Section 3 the distributions of the various statistics for the tests on the cointegration rank.
A Monte Carlo analysis follows in Section 4 where we confirm the results of Demetrescu et al.
(2009) in the presence of weak trends. We provide an empirical analysis of the human origin of
global warming in Section 5. An appendix collects the proofs. Throughout the paper, row vectors
are denoted by (a : b); also, for any (p x ¢) matrix « of full rank ¢ < p, we define «; of dimension
p X (p— q) such that (a:«y) is of full rank p. We also let the generalized projection operator
@ =a(a’a)”". The space spanned by linear combinations of the columns of a matrix « is denoted

by sp («); the rank of a matrix A is written rk (A).

2 The models

Consider a p-dimensional vector of variables x; that admits a vector autoregressive representation
of order k such that, for t =1,...,T,

k—1
AXt = HXt_l + Z I‘iAXt_i + €. (1)

i=1
Assume that the disturbances ¢; follow a martingale difference sequence with bounded fourth
moments and variance covariance given by Q = 3%’ for some positive definite matrix X. If x; is
I(1) and IT is of reduced rank g, then there exist a and 3 of order (p x ¢) such that IT = a8’ and
B'x; — E [8'x4] is stationary. x; is then said to cointegrate, with cointegrating vector 8. We also let

xp = 0 in (1), although this is not an inconsequential assumption (see Miiller and Elliott, 2003).



2.1 Local linear trend

We define y; as the sum of x; and of a deterministic trend which we assume local, i.e. satisfying

the definition:
t
YtZXt‘i‘M‘i‘iﬁﬁ:XH-‘I’dT,t (2)

where W = (p: ) is a matrix of dimension p x 2, dr; = (1: T‘l/zt)/. Throughout the paper,
we rely on triangular arrays that are parameterized by the sample size T'; for notational ease, we
do not write explicitly this dependence and let d; = dr ;. Then y; admits the following moving
average representation : y; = CY.i_, & + ®d; + C; (L) ¢; + A (Johansen, 1995), where L is the
lag operator, C = 3 (a/J_I‘/BL)_l o, =1, Z?:_ll T';, the power series for Cy (z) is convergent
for |z| < 1+ ¢ for some 6 > 0 and 5’A = 0. Expressions (1) and (2) together imply that y; admits

the equilibrium correction:

k1
Ay, = —TIp+T Ty + a (5/)'}71 — T2 (t - 1)) +) Ty + e (3)

i=1

Here, we only consider deterministic trends that are local since our purpose is to study the
robustness of the cointegration tests to the presence of potential deterministic misspecification.
We follow in this Liitkepohl and Saikkonen (2000) and differ from analyses such as in Johansen
(1995), chapter 14, Rahbek (1994) and Saikkonen and Liitkepohl (1999) whose focus is on the
power of the test for the rank of cointegration vis-a-vis a locally larger rank.

The process yy, suitably scaled and interpolated, admits a weak limit that follows from a
straightforward multivariate extension of the random walk with a local drift, drawing on Haldrup
and Hylleberg (1995) and Stock and Watson (1996).! Define Ur in DP [0,1], such that Vr €
[0,1], Up(r)=T"1/2 Zgg] € = XW (r), as T — oo, where W is a standard Brownian motion
on C?[0,1]. Then T 2y[TT] retains asymptotically the sum of both the stochastic and of the

degenerate linear trend, i.e. for r € [0,1] :

T 2yryy = CEW (1) + or & Ky oz (1) (4)
where Ky, cx is a Brownian motion with drift. Motivated by expressions (3) and (4), and by our
interest in allowing for a local trend, we assume in the rest of the paper that yo =0, i.e. u=0.
2.2 Weak broken trend

We also consider a slightly different setting of weak broken trends since the recent literature has

shown that they can be confused with stochastic trends (and hence local linear trends), see e.g.

We let, as usual, [w] denote the integer part of w for any real scalar w; DP [0,1] is the space of RP-valued
functions on the interval [0, 1] which are right continuous and have finite left limits (cadlag); C? [0, 1] is the subspace

of DP [0, 1] of continuous functions; and ‘=’ denotes weak convergence of the associated probability measure.
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Pretis and Hendry (2012). Let, for t =1,...,T,
0 = 81 + qsvy,
with dg = 0 and where ¢; and v; are independent random variables distributed as
i.4.d. . —1/2 .4.d. 2
q: "~ Bernoulli (T , v ~" N (1,01,) .

The process 0; satisfies 6; = g + 01—1 + ¢¢ (1 — 1) with ¢; (14 — 1) a white noise. This defines a
random walk with non-Gaussian innovations and random drift. In particular, Pr (Ad, = 0) # 0, i.e.
d0; does not experience shifts in every period. As T" — oo, the probability of success Pr(¢ = 1) =
O (T~'/2), ensuring that 6; = O, (\/T) but, contrary to the type of processes considered in, say,
Elliott and Miiller (2006), E[Ad;] # 0 so d; behaves differently from a pure stochastic trend. More
precisely, E [0;] = 7/}%7 and Var [§;] = yo? (1 - 1/}/\/T> ﬁ S0

5, = w% +0, (T1/4) . (5)

We define a straightforward multivariate extension of §; as §; = d;—1 + q;14 where q; is a p-
dimensional diagonal matrix whose diagonal is an independently and Bernoulli(v/ \/T) distributed

vector and v; is multivariate normal. Hence E[6;] = t/+/T, and we consider
Z: =X + p+ 6, (6)

Instead of a local linear trend, the cointegrated process z; exhibits a form of broken stochastic

trend:
k—1 k—1
Az = —Tp+T71/? (A(St = I‘iA(StZ) +a (ﬁ’zH - T—l/%’(st,l) +) Tz +e.
i=1 i=1

Figure 1 presents realizations of univariate processes (¢, yt, z;) where T' = 100, 250 and 1000
and 02 = 1. The third column shows the Bernoulli trend §; together with the local linear trend
t/v/T. The figure exemplifies why we referred to d; as a broken trend: the shifts in &, occur
irregularly but the magnitude is similar to that of a local linear trend.? Asymptotics for z; follow

simply from (5):
Tz = Kyox (r). (7)

In the following we use the term weakly trending to refer to the behaviors of both y; and z;.

2The process z; is presented as an illustration of extensions of the local linear trend framework. Other alternatives

exist that involve piecewise linear deterministic trends with or withour random shifts in the slope.



3 Cointegration tests

In this section, we derive the distributions of test statistics when the process exhibits a weak trend
and show that Proposition 3.1 of Demetrescu et al. (2009) which justifies their combination of tests
also holds here. The null hypothesis is that of II in (1) being of rank at most ¢ < p, and we allow
for different models for deterministic terms. We assess the robustness of the test statistics in the
presence of deterministic misspecification. We therefore do not treat deterministic specification as
part of a composite null that would also include the rank of cointegration. Trends are seen as a
nuisance for inference on cointegration.

If the modeler assumes that the DGP exhibits no deterministic components, then reduced rank
regression of Ay; on y; 1 corrected for the lagged differences leads to computing the likelihood

ratio (LR) test statistic

P

~210gQ (H (q)[H (p)) = =T ) log (1-X) (8)
1=q+1

where the eigenvalues \; are estimated as solutions to the problem |)\511 — 51050_01 501| =[S\ =

0, with §;; = T‘lziTzl RuRy, Riy = Ziy — Mo M3y Zoy, M;; = T‘lzlr:lZl-th’-t, Zot = Ay,
Z1t = yi—1 and Za; is made of the stacked lagged differences of Ay;. We define the statistic in (8)
as LR for the hypothesis Hy : rk (II) < ¢ under model M that is given by (1) and (2) with ¥ = 0.
Alternatively, the modeler may wish to use another of the LR statistics that have been proposed
by S. Johansen to achieve robustness against ¥ # 0. The two main methods consist in (i) also
including a constant in Zs;, which provides the statistic LR, or (i) including both a constant
and a linear trend in Zy;, thus yielding LR,. Then LR, should be robust to ¥ = (u, %), ¥ =0
(model M,,) and LR, against the presence of a linear trend (M;). As is well known, deterministic
terms lying within or outside the cointegration space impact processes differently. Hence the
models which specify that, in the error correction form, the drift (model My;) or the trend (M)
are restricted to the cointegration space. These lead to the statistics LR}, or LR} respectively, for
which, Z7; is augmented of a constant, or a linear trend; Zo; contains no deterministic terms, or a
constant.

Let the (p — q)-variate diffusion, for r € [0,1],

O(p—g-1)x1

(%L CQ/C@M)_W r ?

where V (r) is a standard Brownian motion of dimension (p — ¢) and the notation g, refers to
the decomposition ¢ =15 + 1, alongside the two orthogonal complements: ¢z = BB and
Vg, = BLﬁiw. Let subscripts p and 7 denote correction for a mean, or a mean and trend,

ie. V, =V (r)— fol V (u)du and V. (r) = V (r) — a, — b,r where a,, b, are the coefficients of
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the correction of V for a constant and a trend. Augmented vectors are V* = (V' (r) : r)’, with
corresponding mean or trend correction, e.g. Vi = (V) (r):r—1/2)’". We also let Jyp, (r) =
(O/Lﬂou_)_l/2 o Kys(r)=V(r)+ (alQaL)_l/Q o Y J(pw)% follows a similar definition.

When 93 # 0 we project § onto the space spanned by the trend and let £ = §'1p5. We then define the
~1/2
(p — g+ 1) dimensional standard Brownian motion U = (Eéa’l EOOasz) o) EééQW (r)

—1/2
where X¢ is such that (o€ ), = a 3. Finally, we let Ly, (r)y=U0 (7“)+(E’§al2000u_25) Eial Yr.

We are now ready to state our main result.

Proposition 1 Under the assumption that the DGP is generated as (1) and (2), with yo = 0, the

asymptotic distributions of the Likelihood Ratio test statistics are given by

if hp =0
1
LR:>tr{/ dly, GU GG’] /GdJ’a }
0
1
LR/L;»W{/ dv G, U GG} /G#dV’}7
0

if Y5 # 0, and ¢ > 1, LR and LR, tend to the sum of the p — q smallest eigenvalues of the

) 0
/G*dlw% +{ .
) 0
/ GLau' + |
( & Xgo )]

(p—q+ 1)—dz’men5i0nal matrices
/dlwa */
€30

l(%) e

and for all values of g

1 1 -1 1
LRZ = tr (/ dJ(W,)QL G* {/ G*G*’] / G*d']/(rw)a ) ,
0 0 0 L
1 1 -1 1
LR = ¢r / av v+ {/ V*V*’} / vV*av' |,
0 0 0
1 1 -1
LR, = tr / dV V/T [/ VTV’T} / AVAR/A VAR
0 0 0

Corollary 2 Under the assumptions of Proposition 1, then whether ¥g = 0 or not, as ||[¢]| — 0

)
(o)’

the asymptotic distributions of LR, LR, and LRZ tend to their null distributions under correct

specification of the deterministic components.

Proposition 1 shows that the asymptotic distributions of LR, and LR do not depend on 1) (as
in Nielsen and Rahbek, 2000). By contrast LR, LR,, and LR}, lack robustness to the presence of a
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local trend, i.e. 1 # 0 : their distributions no longer depend only on the number of common trends
p — q irrespective of the parameters of deterministic components. When ¢g = 0, so 95, # 0,
misspecification impacts through the definition of the diffusion G. For instance, in the case of the
DGP considered in the simulations below (Section 4, experiment A) with 3 = 0 and ¢g, =9i (i
is a vector consisting of zeros in sp () and ones in sp (8, )), the coefficient of the deterministic
trend component in G is (@/m CQC'EL.,L)_UZ = m Deterministic misspecification (in
the form of a local trend) impacts the probability of rejection under the null.

Under models M, M, and My, and when g = 0 in the DGP, i.e. what Perron and Campbell
(1993) labeled “deterministic” cointegration and which can be treated using Johansen (1991), the
test statistics have asymptotic distributions which are expressed as (mathematical) traces that
are comparable to those under correct specification — although they now depend on the nuisance
parameters 13, and 1o, . In the presence of “stochastic” cointegration, when the linear trend is
not entirely lying in sp (81): the systems under M and M, present p — ¢ + 1 asymptotically zero
eigenvalues (Proposition 3.1 of Demetrescu et al. (2009) states this result for model M, in the
presence of a non-local trend); under the null of at most ¢ cointegration relations, the statistic for
a ¢ — 1 rank has a distribution that can be expressed through a trace statistic.> Under the null of
cointegration rank equal to ¢, the asymptotic distribution depends on the magnitude of v in the
directions of 8 and « . Due to the complicated distributions which result, we observe the rejection
rates via a Monte Carlo experiment in Section 4. Tests that account for the non-similarity of the
test statistics with respect to ¢ can in principle be obtained using either (i) Bonferroni corrections
obtained by simulating the asymptotic distributions for a range of ¥; or (i7) a median estimator
for 1 by minimizing the distance between the observed statistic and the median of the asymptotic
distribution (see Stock, 1991, and Andrews, 1993). We do not consider these options in the paper
for the combination approach of Demetrescu et al. (2009) where the tests involving LR,, use critical
values computed under the null that ¢ = 0.

The proposition also shows that short run dynamics (when I' # I,,) may affect the asymptotic
distributions through two channels: one is through the definition of the matrix C which appears in
the definition of G; this concerns models M, M,, and M}, when 95, # 0. Interestingly I' also plays

a role in the asymptotic distribution of LRZ unless I'y lies in the space spanned by « — which is

31t is possible to modify the LR test statistic by regularization (a form of shrinkage, or ridge regression) where

the eigenvalue problem is modified to
A (S11+ R'R) = S1085' Sou| = 0 (10)

with appropriate choice of R. The matrix R has to be specified under the null for the rank of 8 and the space
it spans; it involves estimating g and rotating the solutions to (10) away from the space spanned by &. For a
discussion of Regularized Reduced Rank Regression, see Dobrev and Schamburg (2012). We do not consider this
approach here as it turns out that the LR statistics exhibit robustness to g # 0.



the case if the common stochastic trends exhibit no short run dynamics, i.e. o/, Ay, = €.

Corollary 2 shows that, no matter whether cointegration is deterministic or stochastic, if we let
the trend coefficient tend to zero, the asymptotic distributions of the test statistics tend to those
under the null for a correctly specified model.

Moreover, because of the difficulty associated with choosing the correct deterministic speci-
fication for the Likelihood Ratio test, H. Liitkepohl and P. Saikkonen have proposed in a series
of papers (Liitkepohl and Saikkonen, 2000, L&S henceforth, and Saikkonen and Liitkepohl, 1999,
2000a, 2000b) an alternative Lagrange-Multiplier test. This LM test consists in estimating ¥ under
the null hypothesis of ¢ cointegrating relations, then detrending y; and testing for cointegration.
We show in the Appendix, Section 7.2, that the procedure is robust to local trends.

Finally, the analytical results presented above also apply to the weak broken trend in the process
z;: the cointegration tests LR, LR, and LR} applied to z; follow the same distribution as when

applied to y; in Proposition 1, as the following corollary shows.

Corollary 3 Define the process z; as (6) where x; satisfies the assumptions of Proposition 1,
Ady = quig, 69 = 0, q; is a diagonal matriz with diagonal that follows an i.i.d. Bernoulli (T’l/Qw) ,
1 € RP and vy is i.i.d normal with unit expectation and variance-covariance 2. Then the asymptotic

distributions of the test statistics LR, LR} and LR, are given by Proposition 1.

The proof of the corollary follows the same lines as that of Proposition 1 and is omitted in the pa-
per. Tt relies on (7) and the fact that §; = 1t/v/T+o, (\/T) and (T*?’/2 Zthl 8y, T—5/2 Zthl t5t> o
¥ (1/2,1/3).% Tt follows that the procedure recommended by Demetrescu et al. also holds for a

wider array of trending processes.

4 Monte Carlo

We observe the robustness of the tests via a Monte Carlo experiment where we compute the trace
statistic of the LR test over 20,000 replications (computations were performed using Ox version
6.00, see Doornik, 2007; the code is available from the author’s website). We consider three sets of
experiments: first, a simple one based on a VAR(1) to assess the individual tests in the presence

of a local trend which may or not be orthogonal to the cointegrating vector. We then consider the

4The proof follows from

T2 E T_lidt , Var T‘liét —>¢(1,ﬁ),
t=1 t=1 23

T 2
1 20
72 E ) - =, =2
t=1 t}> v (3 15 )

and

T
T-1/2 <E [T_2 Ztét:| , Var
t=1

10



Demetrescu et al. joint testing procedure and compare it with the Lagrange-Multiplier technique
of Liitkepohl and Saikkonen. Second, we extend the analysis to consider the more realistic VAR(2)
DGP of Toda (1994, see Section 7.4 of the Appendix) considered by Demetrescu et al. and many
authors. Finally, we also evaluate how the techniques fare in the presence of a weak Bernoulli

trend.

4.1 LR tests without short run dynamics
4.1.1 Simulation setting

In the first set of simulations, we do not consider the effect of short-run dynamics and set Q =
I,, B =1in (1). We let, for a cointegration rank ¢, the vectors g = —a = (Iq : qu(p_q))/
where I, is the ¢ dimensional unit matrix and O,,x», a (m x n)-matrix of zeros. Then IT =
diag(—Tg,0(p—q)x(p—q)) and we choose a| = 31 = (O(p,q)xq : I(p,q))/ andC = 3| (alﬁj_)_l o =
diag (0gxq,L(p—q)) - Hence, the process x; consists of p — ¢ independent random walks and ¢ white
noises. We simulate three different experiments: pure deterministic cointegration, pure stochastic

(non-deterministic) cointegration and a hybrid, as in

A:yp=1 (0; : 1;,_(1)/ (deterministic cointegration)
B:yp=1(1,:0 )/ (pure stochastic cointegration)

*Yp—q
C:vy =¢1;

for ¢ € [0, 10], with 1¢,_4) a vector (1:1: )I of dimension p —¢. Hence, in experiment A, 1g =0
and Y5, = Yo, #0;in B, ¥g # 0 and ¢g, = 1o, = 0 and in C, ¢g and g, are both nonzero.
o . AR — N\ .
In this setting, the coefficient of the trend in G in (9) is (ﬁim cQcC 'l’Z],Bi) = /Y2 (p—¢q) in
experiments A and C, and 0 in B. We show in Section 7.1 of the Appendix that a univariate

test for the presence of a deterministic trend has 50% power when 7/0 ~ 27~/2

interest are here for ¥y/p —q € (0,1).
As Nielsen (1997) and Doornik (1998) point out, there exist several ways to compute the LR

, o the values of

statistics that are equivalent asymptotically but differ numerically in finite samples; this issue is
relevant here since localizing parameters depend on the sample size. We therefore compare two
computational techniques: the first involves solving numerically the eigen problem |S (A)| and
computing the statistics as =1 ©_ a1 log (1 — \;) where the eigenvalues are ordered decreasingly
A1 > A2 > ... > Ap; the second consists in computing a Cholesky decomposition of Sl_ll into PP’
and obtaining the trace of PS19Sy,'S1oP’. Nielsen (1997) shows that first technique converges
faster to the asymptotic distribution, unreported simulations show that it also the case in the

presence of weak trends, hence we use it to compute the results.
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4.1.2 Individual LR tests

We report in Table 1 the rejection probabilities of the null of ¢ cointegrating relations out of
p = 6 variables at a 5% nominal size (results for other sizes are comparable). In order to reduce
Monte Carlo and finite sample variability, we compute the critical values under the corresponding
null using the distribution of x;. This allows to focus specifically on robustness with respect to
the local trend although it does not appear to affect our results.> In the simulations, we let the
sample sample vary from 100 to 1000 but with very little impact on the conclusions. As discussed
previously and under the simulation specifications, the t-test for the null of no drift in a differenced
random walk model has an approximate 50% rejection probability at the 5% nominal level under
the alternative that v = 2. Hence values of 1) as large as 5 should be detected by the modeler.

As expected from Proposition 1, LR¥ and LR; are robust to local trends in finite samples. The
table shows that the effect of trends orthogonal to the cointegrating space starts affecting LR for
values of ¥/p — ¢ reaching the value of 5.

Since robustness is understood here as rejection frequencies that remain close to the nominal
size, non robustness can arise with the test being conservative or liberal. If the null is under (over)
rejected, the modeler is led to under (over) estimate the cointegration rank. The table shows that
LR, LR, are inconsistent in all experiments even for low values of . By contrast, LR}, remains
conservative in the presence of a local trend as in Demetrescu at al. We omit for brevity the
situation where ¢ = 0, i.e. in the absence of cointegration. Simulations show that in experiment
A, the pattern follows from the other cases considered: LR, is more robust and LR and LR}, reject
even more. Clearly A and C coincide in this case. Also, experiment B then implies that ¥ = 0
since 81 = L,.

The simulation experiment argues for the use of LR, in the combination of tests proposed by

Demetrescu et al., and against the use of the either LR}, or LR.

4.2 Combined LR and LM tests

We now assess the implication of the analysis above for the combination of LR tests. Table 2 reports
the success rate in correctly choosing the rank of cointegration via either the joint LR, NLR} test
or the LM test. We use the standard sequential testing procedure starting with zero cointegration
rank. Critical values are computed for the individual tests for x; using the same sample size:
they are close to the asymptotic values reported in MacKinnon et al. (1999) and Liitkepohl and

Saikkonen (2000). The conclusions are similar when using the asymptotic critical values. For

5A feasible alternative method would consist in using the bootstrap proposed by Cavaliere et al. (2012). We find
in the experiment that the simulated critical values are very close to the asymptotic values reported by MacKinnon,

Haug and Michelis (1999).
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comparability with the Toda (1994) DGP below, we set p = 5.

The table shows that whereas the LM more accurately selects the correct rank of cointegration
in large samples (here T' = 1,000), it suffers in small samples: the sequential testing procedure
terminates too soon and the rank of cointegration is underestimated. By contrast, the combined
LR methodology determines the rank, with very reasonable success rate irrespective of the position
of the linear trend and the sample size.

We now consider extending the DGP into two directions (but retain the critical values previously
computed). First, we consider the VAR(2) simulation setting of Toda (1994) used by Demetrescu
et al. (see Section 7.4 of the Appendix). They consider linear trends whose “nonlocal” parameters
are 0.1 (so 9 =1 or 1.6 for T = 100 or 250) and 0.5 () = 5 or 7.9 for T = 100 or 250). Here we
consider smaller drifts (¢ less than 2). Table 3 records the simulated rejection frequencies of the
combined tests when ¢ =11, (as in Experiment C'). The simulations show that serial correlation
impacts finite sample inference. When ¢ = .5, joint testing of LR, N LR} leads to under selection
when T = 100, but not when 7' = 1,000. Comparing the table with those reported in Demetrescu
et al. (their Table 3), we see that the presence of a trend that is local leads to similar accuracy in
selecting the rank of cointegration in finite samples.

By contrast, the presence of short-run dynamics has significant impact on the selected coin-
tegration rank using the LM test. The procedure then terminates too early, even in significantly
large samples. Unreported simulations show that the LM test performs much better when k is
known: the impact of the Akaike Information Criterion for selecting the lag order is non negligible
in this context.

Finally, the lower rows consider apply the tests to the weakly trending process z; (as in Ex-
periment C' again) The conclusions are similar except that the procedure performs less well in
finite samples when only one stochastic trend is present: the rank of cointegration is only correctly
selected in 80% of the experiments. To understand how differently a weak Bernoulli trend impacts
the finite sample statistics, Table 4 records the simulated quantiles at probability .95 of the distri-
butions of LR, and LR} applied to x, y; and z; for samples of size 100 and 1000. Here v :1/11;
(Experiment C) with ¢ = 1. The table shows that the LR% quantiles are virtually identical for
all processes. Those for LR, are larger for y; and z; than for x;, yet they are much less so for z;
than for x,.6 Hence if the trend is under-specified, there is a small asymptotic property that the

sequential testing strategy terminates too early under model M,,.

6Note that quite different critical values for LR, are reported in the literature for low values of p — q.
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5 Application: the Human Origin of Global Warming

We now apply the theoretical results to the vexed issue of the human origin of global warming.
There exists a relatively large literature that debates the time series properties of global surface
temperatures and human factors hypothesized to cause changes in temperatures (measured as
radiative forcing of greenhouse gases, aerosols, and solar insolation, see e.g. Kaufmann, Kauppi
and Stock, 2010). A key question is whether these series are better described as difference or
trend-stationary, so cointegration and/or Granger causality tests can be performed. This literature
originates in Bloomfield and Nychka (1992) but various authors find mixed results depending on
which test is used. Kaufmann, Kauppi and Stock (2006) and Kaufmann and Stern (2002) conclude
that surface temperatures cointegrate with the radiative forcing of human emissions. This finding
was subsequently challenged by Gay, Estrada and Sanchez (2009) who conclude that temperatures
are stationary around a broken deterministic trend. Kaufmann, Kauppi and Stock (2010Kaufmann
et al. (2010)) and Stern and Kaufmann (2013) disagree and confirm their evidence of cointegration
and Granger causality from radiative forcing of human origin to surface temperatures. In a related
study, Beenstock, Reingewertz and Paldor (2012) conclude that cointegration is impossible as
evidence shows anthropogenic radiative forcing to be integrated of order 2 whereas temperature
only contain one unit root. This evidence is challenged by Pretis and Hendry (2012) who show that
the series for radiative forcing exhibits breaks in recent periods due to changes in measurement
methodologies (the dates differ across gases). Stern and Kaufmann (2013) also invoke a similar
argument.

Here, we revisit the issue of cointegration between temperatures and anthropogenic radiative
forcing in the light of our results on tests in the presence of weak trends. Figure 2 presents
the time series” of Temperature and Radiative Forcing of human origin that are used in Stern
and Kaufmann (2013). The data span 1850-2011. In the figure, the levels of Temperature and
Radiative Forcing were adjusted so their means and ranges match. The series in level present
some long term comovements as well as an overall upward pattern (a linear trend is added to
the graph, the data are scaled so the linear trend in either coincide).® In light of the stochastic
versus piecewise deterministic trends controversy, a question of debated interest is whether the
processes may cointegrate and present a deterministic trend of small magnitude (whose position
with respect to the potential cointegrating vector is unclear); the latter being subject to potential
shifts occurring, say, over the 1960-1980 period.

To assess the relevance of the weak trend framework, we fit autoregressive models of order 3,

"The series reported here are those of Stern and Kaufmann (2013), HADCRUT4 ( Temperature) and RFANTH

(RF).
8For an explanation of the apparent recent disconnect, see Kaufmann, Kauppi, Mann and Stock (2011).
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AR(3), to the differences in Temperature and RF.® The drifts are not significant, with ¢-values of
1.06 for A Temperature and 1.80 for ARF, so their associated p-values are 0.29 and 0.07. Hence the
trend is not significant at the 5% level. The p-values are compatible with the local trend framework
and possibly, the presence of a weak broken trend.

We perform a VAR(4) analysis for the levels of Temperature and RF. We follow Stern and Kauf-
mann and consider in addition their data for radiative forcing of natural origin (mostly volcanic and
organic), denoted RFnat. The latter variable is considered stationary, and possibly heteroskedas-
tic. To reduce the dimensionality of the system, we let RFnat enter unrestrictedly. We therefore
estimate 28 parameters (30 when a trend is included) over a sample of 158 observations. Table 5
records the trace statistics for the model with (un)restricted intercepts and trends. Models with
trends conclude to the presence of a unique stochastic trend, whereas M,, and My, provide weaker
evidence, rejecting the presence of a stochastic trend at the 5% level, but not at the 1%. Joint
testing using LR,NLR% hence concludes only at the 1% level to the presence of one cointegration
relation and one stochastic trend.

In this system, under model M,,, the selected cointegration vector is (with standard deviations

in parentheses):
¢t = Temperature, — 0.71 RF,
(0.14)

which is recorded in Figure 3. RF; is tested weakly exogenous for the coefficients in the Temperature
equation (at the 1%). A parsimonious multiple equation model for A Temperature; and ARF; is
derived!? as
A Temperature, = — 0.02 — 0.19¢;—1 — 0.05 RFnat; — 0.27Agz Temperature,_,
(0.017)  (0.06) (0.014) (0-06)

ARF;= 0.003 + 0.03 ATemperature,_; + g.élgARFt_l + g.ggARFt_g,

(0.0017) (0.013)

where Azx; = x; —x:_3. Figure 3 presents graphs for the fit of the model. The correlation between
observed and fitted values is 0.54 and 0.63. The null that anthropogenic radiative forcing does
not Granger cause global temperature is tested using a Likelihood Ratio test of the exclusion of ¢;
in the equation for A Temperature;. The test statistic is 9.8 with associated p-value of 0.002, thus
rejecting long-run Granger non-causality.

This confirms the analysis of Stern and Kaufmann (2013) that human radiative forcing is a
potential source of global warming. Yet, to establish this result formally, further study using
various measures of global temperatures and radiative forcing must be carried out. Also, now that

we have established that a weak trend may be present, statistical analysis of its specific form is

9This is the lag order that ensures that residual are not tested serially correlated.
10Standard specification tests for joint serial correlation and heteroscedasticity do not reject; the p-value of the

test for joint normality is 0.012. The p-value of the LR test of over-identifying restrictions is 0.94.
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warranted. Yet, our previous theoretical and simulation results show that the cointegration testing
procedure of Demetrescu et al. (2009) is reasonably robust to the presence of various forms of

weak trends.

6 Conclusion

In this paper, we have studied the robustness of tests for the rank of cointegration in the VAR
process with respect to misspecified local linear trends. This situation may correspond to data that
exhibit both stochastic and deterministic trends but the latter have a low magnitude that render
them hardly noticeable and possibly insignificant. In this setting we have considered five versions of
the likelihood ratio (LR) test and the Lagrange multiplier (LM) test. The LR with trend (LR} and
LR;) and the LM statistics are asymptotically robust to the local trend when testing for the rank
of cointegration in a stochastically cointegrated VAR (from the definition in Perron and Campbell,
1993). By contrast the LR statistic that do not allow for a trend (LR, LR, and LR}) only exhibit
varying degrees of robustness, the latter also depending on the position of the trend with respect
to the space spanned by cointegrating vectors. If the modeler aims to achieve robustness through
a combination of tests, then as in Demetrescu et al. (2009) where overall rejection occurs if either
test rejects, it is preferable to use one statistic with correct size under in the presence of a trend
(LR%) and another with is more efficient in the absence of trend but that is conservative when the
trend is not noticeable: LR, satisfies this requirement. Our results and simulations show that the
recommendation of Demetrescu et al. (2009) also holds in the presence of trends with low impact.
By contrast the LM test tends to underestimate the rank of cointegration in finite samples.

We show also that the weak trend framework applies to more general patterns than the pure
linear trend. Indeed the trend driven by Bernoulli increments yields asymptotically identical dis-
tributions. This type of trend having locally nonzero expected change may represent the broken
trends that are encountered empirically more accurately than the linear deterministic trend. In an
application to the possible human origin of global warming, we find new results reinstating existing
evidence that global temperature cointegrate with and may be Granger caused by anthropogenic
emissions of greenhouse gases. We show in particular that this evidence is robust to the presence

of weak trends, and possibly to breaks caused by changes in measurement.
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7 Appendix

7.1 Power
Consider the random walk with drift process
Ay =7+ €

where ¢; A4 N (0,0?) , the t-statistic of 7 computed over a sample of ¢t = 1, ..., T observations is

T+ €r

tr = —
oz

—1/2

where eér = 71 Zthl e and 7 = T 23:1 (e —er)?. Let n ~ N (0,1) so

t7 :Tl/Qg —|—T1/277—|—0p (\/T)
The power function for a two-sided test with 0.05 size given by
Pr (|tz| > 1.96) = Pr (‘TWZ + T1/277‘ > 1.96)
o

— Pr (TWZ STV > 1.96) 4 Pr (Tl/QZ LTV < —1.96)
ag g

Pr (77 > 1.967-1/2 — 1) +Pr (77 < _1.96T-1/2 _ Z)
o o

—1-® (1.96T*1/2 - T) s (—1.96T*1/2 _ 1)

o o
so the power is approximately 50% if 1.967~/2—Z ~ 0 since ® (—1.967~ /% — Z) is then negligible.

Using a one-sided test yields similar results.

7.2 Lagrange Multiplier test

The LM test consists in estimating ¥ under the null hypothesis of ¢ cointegrating relations, then

detrending y; into X; = y; — (/7 : zZ) (1: t)/ and testing for p, = 0 in a feasible version of

k-1
I AT /= =
o Ay = po 1 X1 + E L. iAXj+ €.
i=1

In the presence of a local trend, 7:/; is not consistent for ¢ since it is an estimator of T-/2¢. In
the presence of a local trend, although the estimators of the deterministic components are not
consistent, detrending still proves effective. Indeed, consider the case of the estimator 1:5 in lemma,
(A.3) of Liitkepohl and Saikkonen (2000) (it is fi; in their notation). 78/ @;7 T*1/21/1) EN

B CEB(1). % is in turn used to derive the distribution of the sample moments of
~ ~ ~ _ t
wi = 1% = B <Yt - ¢t) =p\x — BT (1/1 -T 1/21/)> T

hence the procedure provide the asymptotic distribution as in Liitkepohl and Saikkonen (2000,
Section A.2).
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7.3 Proof of Proposition 1.

7.3.1 Sample Moments

We follow the lines of the proofs Johansen (1991). We first let ¢ = Y +1s, and choose v orthogonal to 3
and v¥g, such that (ﬁ Dy wlﬁ) has full rank. When 13 # 0, we also decompose [ into 3¢ and 3¢ |, with
& = B'1g and £, orthogonal to & within sp (8) .

T_l/z (7 : Eﬂl),Y[Tr] = (7 : E[;L)IKU),CE (7’)
def

=(7:95,) CEW () +(0: 1)+ = H(r)
and let also
H,(r)= (:9,,) CE (W(l) —/0 W(r)dr) +(0:1) (r—1/2)

and H, (r) = (7: Jm)/ CX (W (r) — a — br), where the coefficients are obtained by correcting W (7)

for a constant and a linear trend. Now let the variance-covariance matrices

Axi_1,..., Axt7k+1

by b
Var[ Ax, } _ 00 08

A% s Xps

which satisfy the relations in lemma 10.1 from Johansen (1995) (denoted lemma J-10.1, and we use similar
notation in the following). In the remainder of the appendix, we assume that the process is corrected for
lagged values but, for notational simplicity, do not write it explicitly (this clearly affects the definition
of W). Now recall that S;; is the uncentered sample mean of RitR;t where (Rot : Rit) is (Ay: : ye—1)
corrected for the deterministic terms present in the model under the null (i.e. none under M, a constant
under M,, and both constant and trend under M, ). We consider the models M, M,, and M, in turn, noting

2
that 7723°], ﬁﬁ =i+ o temand T2 [%] = 15 — 1372- Under the hypotheses,

the DGP rewrites as
M: Roe =T '/? (T — af'ts (t — 1)) + af' R + &
=TT + af'% + &
My : Roy = =T~ 2ap'vhs (t — 1 = T/2) + aB' Rus + G
=af'Ru + €
M: : Rot = a8 Rit + €t
= aﬁlﬁ-rt + €rt
where Xji,¢j¢, for 7 = 0, u, 7, are residuals from the corrections of xi, e; for the lags Axy_1, ..., AX¢—_j41,
and a constant (j = p) and possibly a trend also (j = 7). Replacing Ri; — 1T~ /2 (t — 1) with the same,
corrected for a constant and possibly a trend leads to the same limit. Also, T7-Y/2 3" &, = YW (1) for
j=0,p7)
Hence the following results.
First, under M, the residuals R;; are not corrected, hence, different limits result, depending on whether
Pg =0:
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If ¢ = 0, then Spo 2 oo, 85118 2 Bps, 5510 > Xgo and

N ) (S10 — Sllﬂa )= [y H(r) dKpy 5 (7)
3)510:>fo decz()

(7 0s,) 50 (7 wm) = J, HH'dr
(v tPs,) SuB =0, (1)

X
X

and for ¢g # 0, then in the direction 8 : Soo B 00, and,

a t—1 t—1Y
B8'S118 = T t:ZI (ﬂth—l + fﬁ) <5/3\(t—1 +€ﬁ)

SO
1 (88) 5upES
(BE,) S1186, B¢ Spper
(5f¢)/ Sllﬁg = OP (1)

and the scaling by 77! leads to an asymptotically singular matrix:

% 01 (-1

! (BE 5&)/ Sup(§:6)—
O0-1x1 Og—1)x(g-1)

Recalling that X0 = Xgga’, 8 S10 = Zgo + §f01 rdKr, cs- Now in the direction 8. :

T (7:05,) (S0~ SuBa’) = (fy rH () dr) o/
(7 vg )510:% r)dKy os (1)

T (Y 0,) S (7 ?/’m) = [, HH'dr
T (7:05,) SuB = (i rH@) dr) ¢

also T—1/2 (7: wﬁi) S118€, = op (1). We note that Ky cx satisfies the following stochastic differential

equation:
dK¢’cz (’f‘) = OL,BI (chz (7‘) — w[;r) dr + XdW (7‘)

s0 [fo r) dK, o ( ] [fo r)dK), 5 (r )] ar and (7: 95, ) Swar = [ H(r)dK)x (r)aL.
This also applies in all cases below.
Under M, first if )3 = 0, then Soo 5 00, /5118 5 a5, £'S10 RS 350

and also

: Etn)/ (S0 — S11B8a’) = [} H.dK{ 5 (r)
95, ) S10= [y HudK§ ox (1)

T (F:0s,) S (7:05,) = [y HuHdr
v @m)/ S11B=0,(1)

RSN
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When 5 # 0, Soo = oo,

1

T (BE, BeL) SuB (€)= |

Oq—1><1 Oq—lxq—l

O1xq-1

B'S10 = Zpo +£ [y (r— 1) dKp ox (r) and

(7:05,) S11 (7:%5.) = f; HuHydr
- (7 : JBL)/Suﬂ = (fol (7- — %) H, (r) dr) ¢

And finally, under M,, whether or not 13 = 0, then Soo 2 oo, 8'S118 = Zss, 8'S10 > Lo and

s,) (S10 = Supe’) = [ HedKo 5 (r)
(7:%s,) S10= Jy HrdKg ey (r)

T (F:9g,) 511 (F:9y,) = [y Ho-Hydr

(7:9p,) Suf=0,(1)
where we denote by K 'y (r) the detrended version of Ko cs: (7).

We complete the analysis above with the two restricted models M}, and M7. Let, under Mj,, Ra; =1

and under M} : Ry =t—1—T/2. Now, let as before I't) = (I'Y) , + (T'¢) o, with (Ty),, = o (a'a)fl o'T
then

* o Rey =T/ ((rz/;)% —af'vs (t — 1)) +af R+ T (T9), Roy + &
=T7V2(Ty),, +a[B%+ (@/a) /T TRy +4

M: : Ror = aff' Rie — T~ ?aéRoy + €.

=af'Ru + €

We therefore derive the following properties of the sample moments under linear restrictions of the param-

eters.
First under M}, : letting R;, = (R}, : Ry,) and B = (B’ (o) a'I‘w) = (B": B2). We also define
the vectors v*' = ([y:4,]" : 0) and 7% = (0 : 1) such that (8" : v* : 7) is of full rank p + 1, then

’ . | K r H(r e
(T—l/QW* :?*) Y(rr] = (Tfl/Zi* :?*) w,CE( ) _ ( ) d:f H (T)
1 1 1

if g = 0, then Soo = oo, B S118* B Bps + B285, B St0 B Lo and

(7 VTr) (Sio = Siufral) = [ H (1) dKiryy 5 (1)
(W* : ﬁ?*)l Sio = fol H* (r) dK), cx (1)

T (3 VTE) Su (7 VTR = [y () HY () dr
7* : \/T?*)/ Suﬂ = 0p (T)
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and for ¢ # 0, then Soo N 300,

015 (g-1)

Wl

T (885 8e1) + 62) Sty (88 661) 5 82) B
Og-1x1 Og—1)x(a-1)

and

B ST = s +§/01 rdKy, ox (1)
with also
T (** VTT) (810 — ShfTal) = — [ rH (1) dré o’
(7 ) Sio = fO H* (r)dK), cx (1)
1(7 fr) Sn(i :ﬁ?):foH* YH" (r) dr
71 (7* : \/ﬂ*)lSﬁ/j* - (fol rH* (r) dr) ¢

And finally under MZ, letting R}, = (R}, : Rb) and 8% = (8 :€). We also define the matrices v*' =

([v:¥p,] :0) and 7 = (0 : 1) such that (8* : v* : 7%) is of full rank p + 1, then

T-1/2 (7* : Tﬁl/Q?*)l [ }[Ij[,TT]] ] N [ Ky.c=(r) ] _ [ H(r) }

r
Hence, if 15 = 0, Soo % Soo, B S118" % Bss, B Sto & Spo and, letting HY (r) = (H, (r) : 7 — 1/2)
’
(7* : T71/2?*) (STo — ST18"« / ) = fo H* dK{) = (1)
(7* : T’1/27*) Sto = fo HJ, (r) dKp,cx (7)
T_l (W* :T_1/2?*) Sikl (V* ZT_1/2?*) = fO H:(L (T) H;/ (T) dr
(7* . T_1/27*) S118% = (0, (T) : 0, (T))'

and for g # 0,

. Lot o 1 s | 1/12 0
(g ey s (g e o | Y /
0 &1 ¥ppdL

with also

(8172 sty e [ (= 3) aiom )] ¢ [ (v 5) om0
1 () s e [ (1= 1) doeon )

T (v :T*1/2**)/(Sf0 S8 0) = — [ (r— L) HL (r) €l dr
7 T—l/%*) Sto = [LH (r) dK) o5 ()

T (3 T ) st (v TR S [ E () B () dr
T2 (30 ) S = (f) (- 5 H () dr) €

hence
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7.3.2 LR statistic
We turn next to the asymptotic distribution of
IS ()] = |AS11 — S10550 So1]

where the trace statistic is the sum of the p — ¢ smallest solutions to the equation |\S (A)| = 0 (except for
M7 and M>which we treat later). The matrix (ﬂ (FME ”’m : 'y) has full rank (when 5 =0, £ = 0 and
&1L =15). Let Ap = (ﬂ (Tﬁl/ZE: fl) :T71/2¢gL : Tfl/Q’y) such that we obtain distributions under the
various hypotheses. We provide standardizing matrices at the end of the Section.

Under model M, first if g =0

R 0 5030 Sos 0
0 [ HH'dr 0 0

1
= [AZss — ZpoSg0 o] ‘)\/ HH' dr
0

|ATS (\) Ar| =

which has ¢ positive roots given by |/\25g - 2B0250120g| and p — q zero roots. Now, consider

|(87:95,)' SO (8:7:%5,))|

'S ()8 B'S (N (7: s,
(ﬁzaﬁL)/S(A)ﬂ (ﬁzaﬁL)/S(A) (W:Eﬁi)
= 18'S Bl |(7:0s,) {SN -5 B[ES M BT BN} (759,

where the first factor has no roots:
B'S(A) B — — Bs0Z0 Bos
and, letting p = T\
(7:05,) SO (T:9s,) :>p/0 HH dr
1 1
- ( JALIGL S (r)) S [ dRues () H ()
0 0
1
(7:05,) SN B =0, (N) - ( [ H Ko <r>) S5 205
= (/ H(r) dK{w,cz (T)) 2(70120,6
0
hence
(7:a,) {S =S B[FSN BB (N} (7:85,)
1 1 1
HH dr — H(r)dK/, ") =g | dK. o’
= [ EEe (/ (") w,czu) W [ o (0 ()

1 1
n ( [ ) K o (r)) 250 Soa [Ba0 %0 Bos] " Bao%id [ dKcm (' ()
0 0

1
= p/ HH'dr
0

1 B B ~ . B 1
- (/ H(r) dK;b,CE (7")> [2001 - 20012%‘ [2502001205] 2,802001] / dKy cx (1) H’ (r)
0 0
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where 250 %55 S0 [Zs0Z50 Zos] ! SpoToe = au (@ Qar) " . Wenote that Sipar = (S0 — S11fa’) ay.

The expression above is therefore equal to

p/01 HH'dr — (/01 H(r)dKy = (r)) ay (alﬂal)_l o) /01 dKy,s (r)H' (7). (11)

Now for ¥g # 0,

1/3 0 [ rH'dr 0 0 0
ArS(X) AT‘ = |A 0 SRV IE 0 | 0 €iZpoTgy Bhotr 0
fol rHdr 0 fol HH'dr 0 0 0
1/3 ' rH dr _
=\ J ‘ |€L (ASpp — E/3020012/60) &L

YyHdr A [HHdr
fo o

The equation |A%S (A) Ar| = 0 has, asymptotically, p — g + 1 zero solution and ¢ — 1 positive roots given

by the solutions to
|€ (ASpp — 26025012230) &l =o0.

We now let A = pT~ !, and

3 Oix(q1)  Jy rH (r)dr

N=1 0g-nx1  Ou-1x@a-1) Ow@-1)xp-a
1 1

L JorH(r)dr 0g_gxg-1 [, HH'dr

/

€S0 + [, rdK), ox €50 + [, rdK), ox
M = ¢ po oo ¢\ Bgo
Ji HdK, o5, Jy HIK), o5

then
(B(E€) T:0s ) SN (B(EEL) F:vs,)=pN—-M+o,(1)

M is nonsingular with probability one, and so is N if ¢ = 1.In this case, the test statistic has the same

distribution as
Ttr {Silslosaolsm} = tr {N71/2MN71/2} .

If ¢ > 1, N is singular and of rank p — ¢ + 1 almost surely. We let

!

Nt = % Jo TH (r)dr _ / r r 0
fol rH (r)dr fol HH'dr H (r) H(r)

Mt — §S0 + [ rdKox 5i-1 &S50 + [y rdK on
- 00

[ HdK), o5 [ HdK, o5
then |pN —M] = 0 is equivalent to
— !
pN* — M+ - (zﬂog + [l rdKrpos ;) dK¢,ch’) Sl Sost L
—& 050 (2055 + [y rdKry.cs ¢ f) de,czH’) —& 23050 Tosé L
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which, using the formula for the determinant of partitioned matrices, is equal to
‘7£,L2,802070120[35L’ ’pN+ —-M™|=0

where

’

_ , -
M — I3 EﬁO + fol Tde,CE Qf I3 EBO + fol ’I“ngﬁ,CE

[y HiK), o5 [ HIK), o5
with
_ _ _ —1 _
Qe= o5 — Zoo oplr (€1Tp0B00 Toslr)” ELTp0To0
multiplying

Qe (Zos€, Xoo (Bopér),)

o0 SoséL — Sog Bosi (€1 Ts0T00 SoséL) " €L Sp0E 00 SoséL,
_ _ _ —1 _
00 Soo (Bopér), — oo Bopér (€1 26000 Tosél) 1L Tp0Z00 Soo (ZopéL) |

— 07
(ZBopé1),
SO
Qe = (Sop1) | (Zop€r)’ Soo (Top€r) )™ (Zosr),
where

Yop€L = a¥ppéL

which is of dimension p x (¢ — 1), so there exists a matrix X¢ such that the orthogonal complement is

px(p—q+1)
(Bopé1), = a1 X

and hence
Qe = a1 (SeaL B ,00 %) Sea!
¢ = g (o g0 e o4

and recall that o, fol dKy.csH = o, fol dKy sH' so MTT rewrites

/

€50 + [; rdK), 5 0 €50 + [} rdK) 5
3
fol HdKib,E fol HdK;ﬂ,E

M++ —

Both Ntand M™" are nonsingular with probability one. This shows that the equation admits p — ¢ + 1
solutions that decrease to zero at rate 1. The distribution of the likelihood ratio test statistic hence

converges to the sum of the p — ¢ smallest eigenvalues of (N*)f1 Mt
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Under model M, when g # 0

Nt 5 Jo (r—3)H}, (r)dr
S RGO £ PRCORA i < 3
:/ [ r—1/2] [r—1/2] dr
H, (r) Hy (r)
M+ = [ (EIEBO + fol (r—3)dKo s (7’)) ] 2 [ (5'250 + f01 (r—3)dKo s (7"))
J3H, (r) dKg 5 (1) JYH,, (r) dKp 5 (r)

The distribution of the likelihood ratio test statistic hence converges to the sum of the p — ¢ smallest
eigenvalues of (N;f)fl M.

Under M,,if g =0, or ¢g #0

|ATS () Ar| = [ABs5 — B0 50 Tos| ‘A/Ol H. H,dr
which has g positive roots given by [AZss — Zg0Xo, Zos| . Now consider

|(8:7:95,)' S () (8:7:5,))|

= 18'S Bl (7: 0s,) {SO =S B[FS B FS N} (750,
where the first factor has no roots as A — 0 since 8'S (\) 8 = =505 Zos, and,

(7 : EBL), S(A) (7 : E,@L)
= p J, H-H dr — (fo1 H, (r) dKo cx (r)) Soo fy dKo,cx (r) HL (r)

(7:95,) SN B
=0, (%) = (Jy Ha (1) dKp, 0 (1)) St Do
= (Jy Hr (1) dKp ox (1) T’ Sos
hence
(7:9a,) {5 =S B[ESN A BSN} (75 95,)
= p/o H.H.dr — (/0 H- (r)dKo = (T)) oy (alﬂou)_l al/ dKo,s (r) H. (1)

0

Under Mj,,with AT = (((Tﬁlﬂg : fl)lﬂ' : B2 (E : §l))l T2 (7‘ : T1/2F*)) , first if ¢»3 = 0, then

|ATS™ (\) A%

Y45 + G205 0 Y5082, 0
- A BB 5252 1 _ B02i00 2450
0 J, H'H dr 0 0

which has ¢ positive roots given by |/\ (Zpp + B233) — Eﬁ0250120g| = 0. Now, consider
’(ﬂ* Dy T?*)/S* (\) (ﬂ v \/TF)’
= (875" (X 8]
< |(7vTr) {5t s p [8TsT () g T s 0} (7 VT )|
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where the first factor has no roots as A — 0 since %' S* (\) 8* — —X 0% 55 Zog and, letting p = TA
(7 vTr) st ) (7 VTT)
= p Jo H'H"dr — [ HdK), o5 (r) o) [, dKy.cx (r)H”
(7 :vTr) 5" e
= [1H"dK), cx (r) Zo0 Zpo
hence
(7 vrr) {sm - 5" 87 B7s BT B8 () (7 V)
= pfo H*H"dr
- fol H*dKip,cz (r) (2501 - 2501260 (2502501206) - Z602601) fol dKy cx (1) H”
— pfol H*HYdr — fol *dK(rzp) e (r)aL (alﬂou)_l o) fol dK(F¢)ai72 (ryH*

Now, for 5 £ 0, Seo 2 S0, Al = ((T—I/QE . fL)/ 8 : 52)/ . p—1/2 (7* :T1/2?*)) and

|ATS™ (A) AT
1/3 0 0 0
0 0
= A 0 &\ (B +B2P2) €L - 0 ¢ Zp0S05 Ehobt
0 [ HH" dr 0 0

which, as under M admits only ¢ — 1 non zero roots. The test statistic has then a distribution which can be
derived in a way similar to that under M. Notice that if the lag order k = 1 so T' = I, then 82 = (8'a)” f,
the contribution of B2 only appears in the direction &.
— _— /7
Now letting A = pT, and D’ :(((g L £) BB (€ gL)) : (7* : TI/Q?*)) then
|D7S* (\)D7| =0

is equivalent to

€50 + [ rdK) ox

pN* — M* )
fo H*dK;L;,CZ

EgolzoﬁfL

— 1 ,
_ €30+ [, rdK} cx _
_glzﬁozool fl H*dOK’ —flzﬁozoolzoﬁfi_
0 ¥,C%

© 0= |-€12p0S00 BopéL||[pPN* — M|

with
i 1 1 s/ ) % fol TH/dT %
N* — 3 fo rHdr _ 1 1 / 1
= 1 R = fo rHdr fo HH'dr fo rHdr
fo rH*dr fo H*H"dr L
: : Pl
M* _ 5/260 + fol ’f’dK;z;,CE (7") 2501 £ 230 + fO ’f‘de cx (T
Jy H (r) dK) o5 (r) | [ H (r) dK) o (
aee = | EZo0 o s () | o ] € B0t f rdK s (1)
fol H" (r) dK;u,z () fg H" (r de = (1)
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The rank of the (p — ¢ + 2)-square matrix N* is p — ¢ + 1 so 0 is eigenvalue of N*.As N*is symmetric,

there exists a basis v, such that

* O O —1
N'=v v
0 A

where A*is the diagonal matrix of eigenvalues of fol H*H" dr. Hence the problem |pIN* — M**| = 0 becomes

0 0 —1 * % —1 0 0 —1 * %
pv v —MT| = |vv | p —v M7v|=0
0 A~ 0 A~

this only admits p — ¢ + 1 solutions that coincide with the solutions to

1 1 1
p/o H*H*’clr—/0 H" (r)dK) = (T)Qg/o dKy sH" (r)' (r)

— / !/
Under M, with A%, = (((T‘1/2§ : &) B T‘1/2§) T2 T‘l?*) , first if 15 = 0, then

|ATS™ (M) AT

> 0 PP It 3! 0
= I BB ) . BO&pp <08
0 Jf, H;Hdr 0 0
1
=X (Zss) — ZpoBg0 Tos| ,\/ H H/dr
0

which has ¢ positive roots given by |/\E@5 — 2502501205] . Now, consider
’(5* A Tﬁl/Q?*)/ S*(N) (ﬁ R T71/2?*)
— |/3*ls* (}\)ﬁ*‘
% ‘(W* . T71/2?*)l {S* ()\) _ S* ()\) /8* [/B*/S* ()\) ﬁ*]_l ﬁ*/S* ()\)} (7* . Tfl/Q?*)

where the first factor has no roots as A — 0 since 8*'S* (\) B* = —Xg0X 0 Zos, and
(i* :T_1/27*) S* ()\) (7* . T_1/27*)
1 1 1
=p / H H/dr — / H/,dKo cs (1) Zoo / dKo,cx (r) H}Y
0 0 0
’
and (7* : \/T’?*> S*(\) B”
1
= / H;} dK cx () 200 Zpo
0
hence
! - * * —% —%
(7 VT ) {s" ) = 5" 87 (878" W BT BYST () (77 VT
1 1 1
= p/ H;HZ’dr — / H;ng’g (r)aL (aﬁ_ﬂou_)fl oL / dKo, s (r) H;’
0 0 0

we show below that we can use a rotation similar to that of lemma 2 in Johansen (1994) so that the test

is similar with respect to ¢3 .
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Now, for 95 # 0,

Tfl/zf’ T71/2*’ !
( ! 5 )B*, ( ) £ >ﬂ*/
& S (p/7) -
Y v
( T_l/QF*I ) ( T—I/Q?*/ )

1/12 0 J)(r-YHdr
=p 0 0 0
fo(r—3Hdr 0 [THHYdr
!
fol (T - %) dKB,cz (r) fol (7" - %) dK6,02 (r)
- €1 Sa0 o0 €1 Zg0
fol HZ () dK6,02 (r) fol HZ () dK6,02 (r)

so let

. [ & Jo (= 3) B3l ]
Jo €

r— ) Hdr [, HLH dr

Jo H. (r) dKp s (r) Jo Hi. (r) dKp s (r)

As with model Mj,, N7, is not invertible and the problem |pNZ — M;*‘ coincides with the solution to

_ [ €0+ [y (= 3) dKo 5 (1) ] o [ €0+ [ (r — 3) K 5 (1) ]

1 1 1
‘p/ H;H;’dr - / H, (r) dKé),E (r) Qe / dKo,s (1) H;’ (r)
0 0 0

Define V = (V!, : V},)'with V, = [y'CQC’7]""/*5'CswW
- _q-1/2_
and Vy = [wfgl CQC’@Z}EL] w;LCEW, V is a standard Brownian Motion. Also, let

'eac) 0
G (r)= [ _, -2 |H (r)
0 [wBL cac wﬁi]
v ¥ )
= r)+ _ . q-1/2
[0, caci, |

/ -1/2 / —-1/2
JwaL (r) = (alﬂou_) 1 Kys(r)=V(r)+ (on_QaJ_) & P, T
J(Fwnl =V (r)+ (O/J_Qaj_)il/2 o) (1"1[))@L r

The trace statistic therefore admits the following distributions
-1

LR= tr (fol dJ,, G’ [fol GG’] I GdJ;M) if s =0 (12)

Now, let G, (r) = G (r)— fol G (u) du,and G- (r) = V (r) — ay, — byr where a,, b, are coefficients correcting

V for a constant and a trend. Then

-1
LR, = tr <f01 306G, [ [y GuGL GHdJ{)) if b5 =0

1 1 -1 .1
LR, = tr </ dJoG. [/ GTG;} / GTdJ6>
0 0 0
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where Jo = V and for the two restricted hypotheses, whether or not g3 = 0 does not matter. Consider

first M7, let G* = (G’ : 1)’

1 1 -1 1
LR, = tr </ ey, G [/ G*G*/} / G*dJéer) .
0 0 0

In the case of MZ, let

Ip—g—1 Op—q-1)x1 0
T = 01x(p—q-1) 1 0
-, — 1-1/2
0 - [#, cac,, |

so T (G, (r):r—1/2)" = (V(r):r—1/2)'with T invertible and define G}, = (V ('r) : r — 1/2)" such
that

G, 1 G G, 1 Gy !
LR = tr dJO(r—1/2> [ o <r—1/2) <T_1/2> ] /0 <r—1/2>dJo
G 1 , GH G,,L , B ! ’ G

Ll ) [ () )] L)

i.e. whatever the value of 13
1 1 -1 r1
LR = tr / d3,G { / G;G;;’] / GLdJ)
0 0 0

Now for ¢z # 0, first model M:
1 0 0 1 0 0
0 [F'cacy? Mt | 0 [ycocy 2
-, —  1-1/2 -, —
0 |:1/)BJ_ cac wBJ_] 0 [wﬁj_ cac d)ﬁj_]
€S0 + [, rdK), 5 o €0 + [} rdK), 5
fol GdK;JJ,E fol GdKiP)J

—1/2

—1/2

where U (r) = (Zga/, B o )
U(r) + (Eéalﬁooalﬁg)_lp X:a/ ¢r. Denote then by T (resp. T,) the sum of the p — ¢ + 1 smallest

Sia L21/2W (r) is a standard Brownian motion. Let also Ly y (1) =

eigenvalues of S (A) under M (resp. M,). It follows that
-1

€50
s =+ deulw
0 G
T=tr
r
x| f dr, ot
G o 0
E,E 1 N —1
) 4 Sl 2
G
T =tr I'L
r— 3 by
X f 2 dIO =+ ﬁog
G, 0

and LR (resp. LR,) coincides with the sum of the p — ¢ smallest eigenvalues of the corresponding random

matrices entering the traces.

32



7.4 Simulation setting of Toda (1994)
In the Toda (1994) experiment used by Demetrescu et al., the p-variate x; satisfies xo = 0 and

I, ©

iid.
Xpo1+ U, W=Qug e, & <N .
0 I,
5

We set p=5, ¢ = —.8, b= .5, and

4:2:4:2) ifg=1

4 2 4
ifg=2
2 4 2
4 2 4
ifg=3
2 4 2

J
!

4:.2:4:2) ifg=4

In the simulations, we let the deterministic trend span the whole space:

ye=1 (1:..:1) +x,.

3~
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LR LR; LR, LR LR,

p—q= 1 3 5 1 3 5 1 3 5 1 3 5 1 3 5

Experiment A

Y= 0 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00
0.1 582 179 459 | 6.47 18.0 46.5 | 542 4.23 4.68 | 4.86 490 5.10 | 4.75 4.97 5.15
0.2 7.60 527 974 | 9.39 528 97.7 | 537 3.20 4.19 | 4.85 5.01 5.07 | 4.75 5.02 5.08
0.5 19.2  99.5 100.0 | 21.0 99.8 100.0 | 0.78 2.84 4.15 | 5.08 4.76 4.80 | 4.97 4.83 4.94
1 66.4 99.7 100.0 | 70.6 99.9 100.0 | 0.30 2.96 3.77 | 5.22 4.77 4.81 | 5.29 4.84 4.90
1.5 87.8 99.7 100.0 | 96.0 99.8 100.0 | 0.17 3.19 397 | 5.37 5.22 5.28 | 540 5.05 5.24
2 90.2 99.6 100.0 | 97.1 99.9 100.0 | 0.18 3.06 3.86 | 4.90 5.05 5.28 | 4.85 4.87 5.03
3 91.7 99.7 100.0 | 97.3 99.8 100.0 | 0.21 3.08 3.60 | 4.85 5.10 6.19 | 4.82 4.89 5.21
5 92.6 99.7 100.0 | 97.6 99.9 100.0 | 0.19 3.13 3.50 | 4.94 5.97 10.1 | 5.08 5.19 5.85

Experiment B

Y= 0 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00
0.1 19.1 17.0 598 | 208 17.3 6.05 | 0.67 4.40 5.00 | 4.46 4.67 4.81 | 4.50 4.84 4.78
0.2 64.4 52.1 10.6 70.9 51.9 10.3 0.36 3.26 4.93 | 444 4.56 5.00 | 445 4.83 491
0.5 90.9 994 458 | 975 999 456 | 0.20 3.17 4.32 | 454 480 5.10 | 4.65 5.01 4.97
1 91.6 99.5 97.3 | 97.7 999 975 | 0.13 3.14 4.04 | 528 4.78 4.98 | 5.12 4.95 4091
1.5 92.0 99.7 100.0 | 97.7 99.9 100.0 | 0.23 2.92 4.04 | 492 488 5.18 | 4.82 4.90 5.19
2 91.8 99.7 100.0 | 97.5 99.9 100.0 | 0.16 3.14 3.79 | 525 5.21 4.96 | 5.03 5.01 4.81
3 91.5 99.6 100.0 | 97.6 99.9 100.0 | 0.11 3.12 3.75 | 5.72 5.59 4.93 | 5.14 5.04 4.86
5 92.0 99.5 100.0 | 97.7 99.9 100.0 | 0.14 2.80 3.71 | 6.76 5.99 5.18 | 5.25 4.97 4.96

Experiment C

Y= 0 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00 | 5.00 5.00 5.00
0.1 26.3 52.0 61.0 | 27.3 51.5 620 | 0.40 3.12 4.53 | 521 5.09 5.24 | 5.21 4.95 5.25
0.2 78.0 983 99.7 | 8.5 99.0 99.7 | 0.20 2.73 4.21 | 495 5.08 4.91 | 5.00 4.97 4.98
0.5 90.9 99.6 100.0 | 97.4 99.9 100.0 | 0.18 3.25 4.21 | 496 4.97 5.23 | 5.09 5.03 5.08
1 91.6 99.6 100.0 | 97.6 99.9 100.0 | 0.14 2.75 4.26 | 5.33 5.21 5.39 | 5.22 4.99 5.28
1.5 92.0 99.6 100.0 | 97.5 99.8 100.0 | 0.17 2.63 4.19 | 5.14 5.41 5.31 | 5.06 5.06 5.04
2 91.7 99.7 100.0 | 97.6 99.9 100.0 | 0.15 3.14 4.08 | 5.33 5.52 6.02 | 5.21 5.16 5.23
3 91.8 99.7 100.0 | 97.5 99.9 100.0 | 0.19 2.80 4.12 | 597 6.61 7.14 | 546 5.32 5.38
5 92.4 99.6 100.0 | 97.8 99.9 100.0 | 0.14 2.78 3.69 | 7.78 10.7 13.3 | 5.57 5.93 6.32

Table 1: Simulated finite sample rejection probabilities at the 5% nominal size of the null of ¢

cointegration relations in the p = 6 dimensional VAR(1). The sample size is set to 100 observations

and the number of Monte Carlo replications is 20,000. Experiments A, B, and C refer to whether

the linear trend lies in the space spanned by 8, 5 or (8, 51).
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LR,NLR; LM
Y p—q|T=100 T =1000 T =100 T = 1000

Experiment A

0 1 0.92 0.92 0.76 0.95

3 0.92 0.92 0.32 0.95

5 0.93 0.93 0.95 0.95

0.5 1 0.95 0.95 0.76 0.95

3 0.93 0.93 0.32 0.95

5 0.93 0.93 0.95 0.95

1 1 0.95 0.94 0.76 0.95

3 0.94 0.93 0.32 0.95

5 0.94 0.94 0.95 0.95

2 1 0.95 0.95 0.76 0.95

3 0.94 0.94 0.32 0.95

5 0.94 0.93 0.95 0.95
Experiment B

0 1 0.92 0.92 0.76 0.95

3 0.92 0.92 0.32 0.95

5 0.93 0.93 0.95 0.95

0.5 1 0.95 0.95 0.76 0.95

3 0.93 0.93 0.32 0.95

5 0.93 0.93 0.95 0.95

1 1 0.95 0.94 0.76 0.95

3 0.94 0.93 0.32 0.95

5 0.93 0.93 0.95 0.95

2 1 0.95 0.95 0.76 0.95

3 0.94 0.94 0.32 0.95

5 0.93 0.93 0.95 0.95
Experiment C

0 1 0.92 0.92 0.76 0.95

3 0.92 0.92 0.30 0.95

5 0.93 0.93 0.95 0.95

0.5 1 0.95 0.95 0.74 0.95

3 0.93 0.93 0.31 0.97

5 0.93 0.93 0.95 0.94

1 1 0.95 0.94 0.78 0.95

3 0.94 0.93 0.30 0.96

5 0.94 0.94 0.95 0.95

2 1 0.95 0.95 0.77 0.96

3 0.94 0.94 0.32 0.96

5 0.94 0.93 0.95 0.95

Table 2: Proportion of experiments where the rank of cointegration is correctly determined using
the usual sequential testing procedure (starting with zero rank). The number of Monte Carlo
replications is 20,000 and 7" denotes the sample size. The critical values for the likelihood ratio
tests with unrestricted intercept and restricted trend, LR, LR}, and the Lagrange-Multiplier test,
LM, are computed using the finite sample simulation with ¢» = 0. The experiments are labeled
as in the text, with trend orthogonal to the cointegration space (A) restricted to lie within the
cointegration space (B) or spanning both (C).
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LR,NLR: LM
Y p—q|T=100 T =1000 T =100 T = 1000
Toda (1994) Experiment
0 1 0.90 0.92 0.38 0.17
3 0.60 0.92 0.11 0.00
5 0.93 0.93 0.00 0.00
0.5 1 0.80 0.95 0.38 0.18
3 0.45 0.94 0.11 0.00
5 0.93 0.93 0.00 0.00
1 1 0.80 0.94 0.39 0.18
3 0.46 0.94 0.11 0.00
5 0.92 0.93 0.00 0.00
2 1 0.80 0.95 0.38 0.18
3 0.51 0.93 0.11 0.00
5 0.81 0.93 0.00 0.01
Weak Broken Trend
0 1 0.92 0.92 0.76 0.95
3 0.92 0.92 0.31 0.95
5 0.93 0.93 0.95 0.95
0.5 1 0.79 0.95 0.34 0.96
3 0.92 0.93 0.26 0.92
5 0.92 0.93 0.95 0.95
1 1 0.79 0.95 0.32 0.96
3 0.93 0.93 0.25 0.92
5 0.93 0.93 0.95 0.95
2 1 0.80 0.95 0.32 0.95
3 0.93 0.93 0.25 0.92
5 0.93 0.93 0.95 0.95

Table 3: Proportion of experiments where the rank of cointegration is correctly determined using
the usual sequential testing procedure (starting with zero rank). The number of Monte Carlo
replications is 20,000 and 7' denotes the sample size. The critical values for the likelihood ratio
tests with unrestricted intercept and restricted trend, LR, LR}, and the Lagrange-Multiplier test,
LM, are computed using the finite sample simulation of pure random walks with ¢ = 0. The Toda
(1994) experiment allows for short-run dynamics (see section 7.5 of the Appendix) and the weak
broken trend experiment corresponds to the process with cumulated local Bernoulli increments (z;
in Section 2).

36



LR, LR*

T pP—q Xt Y Zy Xt Yy Zy
100 1 9.20 45.22 11.91 | 1240 1240 11.71
2 20.36  67.27 23.80 | 25.88 25.90 25.79
3 35.68 92.14 39.43 | 43.33 43.35 43.26
4 55.21 126.05 58.60 | 65.27 65.32 64.97
5 79.14 431.80 82.98 | 91.26 91.31 91.28
1000 1 9.06 423.42 25.28 | 12.42 12.25 12.19
2 20.23 57523 36.22 | 25.87 25.86 26.16
3 35.16  662.01 50.75 | 43.03 42.93 42.93
4 53.85 73991 69.61 | 64.02 64.04 64.46
5 77.13 3697.70 91.93 | 89.29 89.10 88.73
00 1 8.19 12.52
2 18.11 25.86
3 31.88 42.92
4 49.64 63.87
5 71.44 88.79

Table 4: Monte Carlo quantiles at probability 0.95 for the p-vector with cointegrating rank gq.
x; denotes the process without deterministic terms; y; with local trend spanning all dimensions
(Experiment C') and parameter v = 1; z; denotes a process with Bernoulli trend spanning all
dimensions and parameter ¢y = 1. The number of Monte Carlo replications is 20,000 and p = 5.
The asympotic critical values are from MacKinnon et al. (1999).

Ho : LR}, LR, LRz LR,

¢=0 314[0.001]* 27.8[0.000]*+ 34.7 [0.002]** 28.2 [0.001]*x
¢<1 9.4[0.044]*  59[0.015]*  7.4[0.316] 1.4 [0.233]

Table 5: Trace Statistics for the null of ¢ cointegration relations between Temperature and RF. The
data consists of annual observations spanning 1850-2011. Values within square brackets denote the
p-value reported by Oxmetrics 6.30.
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Figure 1: Simulations of processes over T' = 250 observations. x; denotes a random walk. y; is the
same random walk with drift v/ VT. 2 is the same random walk with a random drift q:v; where
Qs “& Bernoulli (’(/}/\/T) and v, HEN (0,1). In the third column, ‘Linear Trend’ denotes the

difference y; — x¢, and ‘Bernoulli Trend’ the difference z; — ;.
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Figure 2: The figure reports the data on global surface temperature ( Temperature) and radiative
forcing of human origin (RF'). The observations are annual. Top panel: a linear trend has been
fitted to either variable and both variables have been adjusted so their means and ranges match.
The fitted linear trends therefore match. Bottom panel: the data have not been adjusted.
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Figure 3: The figure reports output from estimation of a cointegrated VAR for Temperature and
RF. Top panels report the time series and cross plot of observed and fitted series. The bottom
panel records the time series of the estimated cointegrating vector.
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